Thermodynamically Consistent
Quasi-Newton Formulae

Newton and quasi-Newton methods have been used in chemical process design
and optimization calculations for quite some time. They continue to be used today,
both in the traditional sense and as part of the more recent hybrid method. While
Newton-based fixed-point methods have been used to solve many different kinds
of chemical process design and optimization problems, perhaps the point of single
largest application has been that of multicomponent separation problems, espe-
cially equilibrium stage distillation.

Quite aside from this, classical thermodynamics provides us with certain fun-
damental mathematical and physical relationships governing the behavior of
nonideal solutions, those being the homogeneity of partial molar excess properties
and their derivatives and the Gibbs-Duhem equation.

In this work, we draw a connection between the class of Newton-based fixed-
point methods and classical nonideal thermodynamics. That is, it is shown that,
with the exception of Newton’s method, none of the conventional Newton-like
methods gives matrix approximations that are thermodynamically consistent. In
other words, all existing nonsymmetric and symmetric quasi-Newton formulae
generate matrix approximations that do not satisfy, for example, either the zero-
degree homogeneity or Gibbs-Duhem equations.

In light of this, a new class of quasi-Newton formulae is presented for use in
chemical process problems whose models include chemical and/or phase equi-
librium, In particular, several new quasi-Newton formulae are presented that give
Jacobian or Hessian approximations that satisfy the zero-degree homogeneity
and/or Gibbs-Duhem equations, in addition to the usual secant and perhaps
symmetry and sparsity conditions. This new class of formulae is called thermo-
dynamically consistent quasi-Newton formulae. Some numerical results are pre-
sented that show that these thermodynamically consistent quasi-Newton formulae
can provide improvements in reliability and computational efficiency when
compared to existing Newton-like methods.
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One common criticism of Newton’s method as it applies to
chemical process design and optimization is that it can be ex-
pensive to use on problems that involve complex nonideal
thermodynamic calculations. This expense is due to the fact that
the calculation of the derivatives of nonideal thermodynamic
quantities can account for a very large percentage of the com-
puter time needed to solve a problem. It remains, nevertheless,
a highly reliable equation solving procedure.

The fact that Newton’s method can frequently be a costly
means of obtaining solutions to these problems has prompted
both academic and industrial workers to seek alternatives.
While there are many, for a long time quasi-Newton methods
represented perhaps the best of these alternatives. They have
been and continue to be more efficient than Newton’s method
in more than an insignificant number of cases. However, de-
pending on the application, their reliability is frequently less
than that of Newton’s method. More recently, it has been shown
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that a hybrid approach which makes combined use of available
analytical derivatives and a quasi-Newton formula, is superior
to pure quasi-Netwon methods both from the standpoint of re-
liability and efficiency. Moreover, the robustness of this hybrid
approach has been shown to be surprisingly close to that of
Newton’s method. The reliability is still not as good as Newton’s
method, but it is close. This has been clearly demonstrated for
chemical process design problems involving nonideal solution
behavior. Thus, in a limited sense, some real improvements have
been made in equation solving capability.

Classical nonideal solution thermodynamics, on the other
hand, provides us with certain fundamental mathematical and
physical relationships that, to this date, have either been taken
for granted or assumed to be completely divorced for certain
aspects of the equation solving task. For example, any nonideal
liquid mixture is subject to both the zero-degree homogeneity
equations of In ¥ and HF as well as the Gibbs-Duhem equa-
tion.

In this work, we explore the relationship between equation
solving by hybrid methods and thermodynamic consistency.
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CONCLUSIONS AND SIGNIFICANCE

All existing nonsymmetric and symmetric quasi-Newton
formulae were shown to yield thermodynamically inconsistent
Jacobian and Hessian matrix approximations, respectively.
Accordingly, a new class of thermodynamically consistent
quasi-Newton formulae was presented for use in multicompo-

nent phase and chemical equilibrium calculations. Numerical
results were presented that show that these thermodynamically
consistent quasi-Newton formulae, when used in the context of
a hybrid method, can result in improved computational effi-
ciency and reliability.

INTRODUCTION

In a recent paper, Lucia (1985) has shown that the Schubert
(1970) update, when used in the context of a hybrid fixed-point
algorithm (Lucia and Macchietto, 1983) usually generates matrix
approximations that are thermodynamically inconsistent. That is,
when the matrix of terms involving nonideal thermodynamic de-
rivatives is approximated by Schubert’s method, that matrix does
not satisfy either the zero degree homogeneity property of In vy and
HE or the Gibbs-Duhem equation. Lucia has substantiated this
using a set of single-stage, adiabatic flash problems involving a
mixture of ethanol and n-hexane. Furthermore, in that same paper
he has presented two new quasi-Newton formulae that exploit the
zero degree homogeneity of In «y and HE. Thus, in a sense, they
are thermodynamically consistent. Finally, using the same set of
flash problems, Lucia has demonstrated that a thermodynamically
consistent quasi-Newton formula can result in both improved re-
liability and greater computational efficiency when compared to
Schubert’s formula.

In this manuscript, we first extend the nonsymmetric quasi-
Newton formulae presented in Lucia to the situation where zero-
degree homogeneity equations must be independently satisfied
in more than one phase, as in the cases of liquid-liquid and
vapor-liquid-liquid equilibria. The updating formulae given in
Lucia cannot do this. Second, we suggest a new symmetric quasi-
Newton formula, for use in a hybrid optimization method for
calculating chemical and/or phase equilibrium points by Gibbs
free energy minimization. With this we study the effects of satis-
fying the zero-degree homogeneity and Gibbs-Duhem equations
simultaneously. Next, we present some numerical results that show
that these new thermodynamically consistent quasi-Newton for-
mulae can result in improvements in reliability and/or computa-
tional efficiency when compared to existing Newton-like methods.
Finally, we make some concluding remarks concerning the effects
of thermodynamic consistency in equation solving and show how
the Gibbs-Duhem equation can be satisfied in the nonsymmetric
case by using partition symmetry.

AN ILLUSTRATIVE EXAMPLE

In the discussions that follow, it is convenient to consider the
nonsymmetric and symmetric cases separately. We believe that
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it makes the presentation clearer.

Nonsymmetric Case.

Consider, for the sake of definiteness, a single-stage liquid-liquid
flash drum which is assumed to operate at constant temperature
and pressure. One set of equations that model this process are the
equilibrium equations

K:&‘/(i‘. f})— t’?/(fﬁ 12,2)=0, i=12...n (1
i=1 j=1
and the component mass balances

fl+fi—el—et=0 i=12 ... n (@)

where £; denotes the ith component molal flow rate and f; is the
corresponding component molal feed flow rate. Also, K; is the
distribution ratio for the ith component. Finally, i is used to denote
the component index, n, is the total number of components in the
mixture under consideration, and the superscripts 1 and 2 are used
to simply distinguish the two dense phases.

Such a problem is typically solved by some Newton-based
fixed-point algorithm. Therefore, in order to describe Newton’s
method and its many recent modifications, we let x denote a vector
of unknown process variables (e.g., in the case of the illustrative
example, £} and £7,i =12, ... n.). Moreover, we denote our
collection of model equations by f and further suppose that the
Jacobian matrix of f, J(x), can be written as

J@x) = C(x) + Alx) (3)

where C(x), the computed part of the Jacobian, can be calculated
from readily available derivative information and A(x), the ap-
proximated part, contains terms involving derivative information
that can be expensive to obtain (e.g., activity coefficient-component
flow rate derivatives).

From the standpoint of classical thermodynamics, C(x) is usually
comprised of derivative information that looks very much like the
ideal solution part of the model, while A(x) contains terms that
involve the derivatives of nonideal thermodynamic quantities.
More specifically, for the illustrative example if the variables are
ordered as £1,£}, ... 61 €365, .. £2 and the equations are or-
dered as they appear, then A(x), which is most important for our
discussions, is given by

K0} (alnﬁ) ) ]

(ze)2\ ot (Ze)r\ ey,
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where v} and 2 denote the ith component activity coefficient in
phases 1 and 2 respectively and K; = v}/v?2.

Symmetric Case.

We can also calculate the equilibrium point by minimizing the
Gibbs free energy for the system subject to the mass balance con-
straints, instead of solving the model defined by Egs. 1 and 2. Such
a procedure is, certainly by now, a well-known method for com-
puting points of chemical and/or phase equilibrium at constant
temperature and pressure. Thus, in the case of the illustrative ex-
ample the equivalent optimization problem that we wish to solve
is given by

minG = 3 3 er@m + G (5)
m=] {=1
subject to
fl+fi—el—e}=0, i=12,...1n, (6)
and
P20, i=12.. . nam=12 )
where
Gim =G + RT ln(e:"/§ e;.") (8)
and
GEm = RT In y™. 9)

It should be clear to the reader that the solution to the above linearly
constrained optimization problem by Newton’s method requires,
as in the case of the solution of the process model defined by Egs.
1 and 2, first partial derivatives of In v with respect to £]* and
can again be computationally expensive.

In this case, we suppose that the matrix of second derivatives (or
Hessian matrix) can be written as

H(x) = C(x) + A(x). (10)

For the liquid-liquid flash problem, the approximated part of the
Hessian matrix, which in this case is the Hessian matrix of the Gibbs
free energy function because the constraints are all linear, is given

Because these thermodynamic quantities are homogeneous
functions, they satisfy Euler’s theorem, which for an arbitrary
homogeneous function, say F(x), of n variables is given by

n (QF
2 (—) x; = pF(x), (12)

1=110%;
where p is the degree of homogeneity. Thus in the case of In v,
which is homogeneous of degree zero in mole numbers, we have

that
o [Olnyf)
i ( ml ) i = 0,

i=12,... .0 (13)

m=12 ... ,n,

where n, denotes the number of phases. Moreover, a similar re-
lationship holds for the molar excess enthalpy since H is also ho-
mogeneous of degree zero.

In addition to the zero-degree homogeneity property, we also
know that In ¥ must satisfy the Gibbs-Duhem equation, which is
given by

3 (%e_zL) F =0 i=12...n 4
1=1 {

m=12,... .1,

From these rather simple equations from classical thermodynamics
we can, in our opinion, deduce a great deal about the approximated
part as a linear operator.

Nonsymmetric Case.

In the nonsymmetric case, Eq. 13 implies that the approximated
part of the Jacobian matrix has a nontrivial null space (or kernel)
defined by the component molal flow rates. That is,

Alx)z™ =0, m=12,... n (15)
2= L7 forj.such that (i,j)elp,l <ij<n (16)
0, otherwise

where I, is the set of index pairs (i,§) that define the nonzero entries
in the approximated part associated with the component molal flow
rates in phase m and where n; is the dimension of the null space
(for example, for a multistage process, in general, ny = n,n, where

by ns is the number of stages). Also, observe that for the problems in
[ 1 1 1 ]
Olnvyi olnvyi
ves o cen 0
ot [
1 1
A(x) =RT (an_?"c) (a_h.l_%) 0 0 (11)
bfl aenc
0 o oln~? (a In v}
283 Y43
dln~2 dln~2
0 0 - 1fc N —fc
( P ) ( 243,
— ——
THERMODYNAMIC CONSISTENCY which we are interested the vectors 2™, m = 1,2, . . . ng, are always

It is well known from classical thermodynamics that many of
the important thermodynamic quantities are homogeneous
functions of mole numbers, typically of degree zero or one. For
example, the total Gibbs free energy and total excess Gibbs free
energy are homogeneous functions of degree one, whereas the
molar excess enthalpy and the function In y are homogeneous of
degree zero.
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mutually orthogonal.

Symmetric Case.

Together, the zero-degree homogeneity and Gibbs-Duhem
equations imply that the approximated part of the Hessian matrix
is symmetric and that it has this nontrivial null space of dimension
ni that is defined by the component molal flow rates. More spe-
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cifically, Egs. 13 and 14 imply Eq. 15 and the condition
A(x)=AT(x). (17)

EXISTING NEWTONLIKE METHODS AND THERMODYNAMIC
CONSISTENCY

Nonsymmetric Case.

For the nonsymmetric case, we have some collection of nonlinear
process model equations, f(x), that we wish to solve for a fixed
point, x*. We make the choice that we will use some Newton-based
fixed-point method to solve our nonlinear process model equations.
Consequently, we are concerned with an iterative procedure of
the form

Bi(xky1 — %) = ~fr, (18)

where By represents some approximation to the Jacobian matrix
of f, fr = f(xx), and k is the iteration number. We further suppose
that the Jacobian matrix of f can be written in the form defined
by Eq. 8.

Within this general framework, it is possible to define all of the
existing nonsymmetric Newtonlike methods. For example, when
C(x) is evaluated analytically and A(x) is calculated analytically
or by finite difference, we have an implementation of Newton’s
method. If C(x) is again evaluated analytically but A(x) is instead
calculated by

A=A+ ¥ (sTs)tel [y-Cs-AslesT, (19)
i=]

then we have the hybrid method of Lucia and Macchietto (1983).
Here A and A and successive approximations to A(x), s = xx4 1 —
%k, y = flxes 1) — f(xx), and C = Clx 4 1). Moreover, s; is the vector
formed from s such that it has zero everywhere the ith row of A(x)
does and the superscripts + and T denote the generalized inverse
and matrix transposition respectively. Observe that Eq. 19 is simply
a generalized representation of the Schubert update. Finally, we
note that it is also quite easy to represent the pure quasi-Newton
methods of Broyden (1965, 1971) and Schubert (1970) within this
Newton-based framework.

When the approximated part of the Jacobian matrix is calculated
by finite differences or analytically, it has this correct null space.
In other words, it satisfies the zero-degree homogeneity equations
of Iny and HE. On the other hand, when the Schubert update (i.e.,
Eq. 19) is used to build approximations to A(x), such approxima-
tions are usually thermodynamically inconsistent. This is because
the variational calculus problem from which the Schubert update
is derived contains no provision (i.e., no constraint equation) for
forcing A, the approximation to A(x), to satisfy the zero-degree
homogeneity equations.

To partially circumvent this, Lucia (1985) suggested the fol-
lowing two quasi-Newton formulae for use in the context of a hy-
brid method for chemical process design:

—_ n

A=A4-3 (27z)*(eTAz)e; 2]
=1

(WiTSi)*'eiT[y‘C—S’AS]ef WiT

M=

+

1

(SfTZi)(ZiTZi)+(W?5i)+(eiTAZ)et WcT, (20)

M=

+
i

1
and the tandem equations

A=A+ ¥ (zFs) elly-Cs-AslessT (21)
i=1
and
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(2] z)* e[ Aze, 2], (22)

M=

A=A+
i

1

wherez = Z%_, 2™ w, = s, — (sT z;/ z] 2,)z;, and s, and z are
the vectors formed from s and z, respectively, such that they have
zeros in every position that the ith row of A(x) does. Observe that
the quasi-Newton formula defined by Eq. (20) satisfies the usual
secant and sparsity conditions as well as the zero-degree homoge-
neity equations for In y and HE at each iteration of the calculations.
In contrast, the update defined by Eqgs. 21 and 22, which is simply
two successive applications of the Schubert update, satisfies the
sparsity and zero-degree homogeneity conditions at each iteration
but only satisfies the secant condition in the limit. However, neither
update can be applied to situations in which zero-degree homo-
geneity equations are required to be satisfied independently in
several phases in equilibrium with each other, such as in liquid-
liquid and vapor-liquid-liquid equilibria. Rather, the updating
formulae given by Lucia apply to the case where only one phase
is subject to the zero-degree homogeneity equations, which is often
a good approximation in low-to-moderate pressure vapor-liquid
equilibrium calculations where the vapor phase can often be as-
sumed ideal.

Symmetric Case.

For symmetric problems, the analysis is much the same; only
here we are concerned with building iterative representations of
the approximated part of the Hessian matrix H{x). We assume, as
in the nonsymmetric case, that H(x) can be written as in Eg. 10.

For the class of problems that calculate phase and/or chemical
equilibrium points for nonideal mixtures by Gibbs free energy
minimization at constant temperature and pressure, the approxi-
mated part of the Hessian is subject to the zero-degree homogeneity
equations for In 7y and the Gibbs-Duhem equation.

As in the nonsymmetric case, when A (x) is calculated analytically
or by finite differences, it is thermodynamically consistent. On the
other hand, when any symmetric quasi-Newton formula is used
to build iterative representations of A(x), these approximations do
not satisfy either the zero-degree homogeneity of In 4 or the
Gibbs-Duhem equation. More specifically, the approximation to
A(x) calculated by the Powell-symmetric-Broyden (PSB) formula
(Powell, 1970), which is defined by

(y-Cs-As)sT + s(y-Cs-As)T
sTs

(y-Cs-As)Ts .

TP s (23)
where s is defined as before and where y represents the difference
in the gradient of the Gibbs function at successive iterates, is usually
thermodynamically inconsistent. This is again because there are
no constraints contained in the variational calculus problem from
which the PSB formula is derived that force the zero-degree ho-
mogeneity of In ¥ and the Gibbs-Duhem equation to be satisfied.
Furthermore, the same is true of the Broyden-Fletcher-Gold-
farb-Shanno (BFGS) update (Goldfarb, 1970), which is given by

(y-Cs)(y-Cs)T _AssTA
(y-Cs)Ts sTAs
and the sparse PSB update (Toint, 1977; Marwil, 1978).

A=A+

A=A+ (24)

Thermodynamically Consistent Quasi-Newton Formulae

By a thermodynamically consistent quasi-Newton formula, we
mean any quasi-Newton update that satisfies the zero-degree ho-
mogeneity and/or Gibbs-Duhem equations at each iteration of the
calculations. Thus, we include in this class the updating formulae
given by Eq. 20 and Egs. 21 and 22.

AIChE Journal (Vol. 31, No. 8)



Nonsymmetric Case.

There are, as stated earlier, situations where one might want to
satisfy independent zero-degree homogeneity equations in several
phases simultaneously (for example, in liquid-liquid, vapor-lig-
uid-liquid or, for that matter, vapor-liquid equilibrium calcula-
tions). The quasi-Newton formula defined by Egs. 20 through 22
cannot do this. To see this, note that these updates were derived
to satisfy the condition

Az =0 (25)

where 2 = Z%_, 2™ (Lucia, 1985). When several zero-degree ho-
mogeneity equations must be satisfied, the constraints are given

by
Azm=0, m=12 ... m. (26)

Clearly, Eq. 25 does not necessarily imply Eq. 26.

To extend the updating formula defined by Eq. 20 to the case
of multiple zero-degree homogeneity conditions, we simply solve
the variational problem

minf|A — Alf (27)
subject to
As = y-Cs (28)
Azm =0, m=12,...,m (29)
and
Gy =0, (ij)e (30)

where I is the set of index pairs defining the zero elements of the
approximated part of the Jacobian and where it is assumed that the
vector z1,22, . .. 3™ are mutually orthogonal.

The solution to this problem is given by

i (wls))+elly-Cs-Asle; wi

RPN eidz” [(S‘Tf‘" )e.-wf—emzr)T] (31)

MmN\ wi's:

where

T,m
=g — S [ SZ | m
mes- § ((z:")f(zm) o
The extended form of the updating formula defined by Eqgs. 21
and 22, which is an iterated projection (Dennis and Schnabel, 1979),
is given by

A=A+ Y (sTs;)*elly-Cs-AslessT (32)
i=]
and
A=A+ ZI Z (2 T(27)]+eTAzme,(z)T. {33)
m=1 i=

Observe that the updating formula defined by Eqs. 32 and 33
corresponds to ng + 1 Schubert updates and will only satisfy the
secant condition in the limit, unlike the one defined by Eq. 31,
which satisfies the secant condition at each iteration. Both updates,
however, satisty all zero-degree homogeneity and sparsity condi-
tions at each iteration.

Symmetric Case.

In the symmetric case it is relatively easy to satisfy any number
of independent zero-degree homogeneity and Gibbs-Duhem
equations at each iteration of the calculations. Furthermore, be-
cause of the block diagonal structure of minimum Gibbs free en-
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ergy problems, it is more convenient to update the approximated
part of the Hessian blockwise. For this purpose we suggest the
updating formula defined by

—_ ng _
A A, (34)
m=1
where
Ay =Ap
+ (Um — 6msm - Amsm)SrTrL + Sm(ym — Emsm = Apsm)T
$TSm
(ym - -C—msm - Am3m>Tsm T
- 35
(S;Sm)2 mSm  (35)
_ 2l - ImZ L
A {I—'z——;n' Ap I — r,;}zm . (36)

Also, C,, is the associated diagonal block of the computed part of
the Hessian, z,, = 2™ (which is defined by Eq. 16) and s,, and .,
are the appropriate projections of s and y, respectively, that are
associated with the mth phase.

Observe that the update defined by Egs. 34 through 36 is simply
comprised of successive PSB corrections to each diagonal block of
the approximated part of the Hessian. Because of Eq. 36, A is
necessarily thermodynamically consistent at each iteration of the
calculations.

NUMERICAL RESULTS

In this section, we present some numerical results for the ther-
modynamically consistent quasi-Newton formulae given in the
previous section. In particular, we solve various single-stage, iso-
thermal flash problems involving ditferent multicomponent
mixtures. We do this for both the nonsymmetric and symmetric
cases and in each case compare the results to those obtained when
A(x) is approximated by finite-difference and by existing quasi-
Newton formulae. Finally, in all examples we used the UNIQUAC
equation (Prausnitz et al., 1980) to model the liquid phase activity
coefficient, while the vapor phase was assumed to be ideal. Thus,
in all cases, the dimension of the null space, ni, was one.

Nonsymmetric Case.

The example problems here were as follows:

1. A feed mixture of 1.2404 X 10~2 kmol/s of methanol, 7.1404
X 107 kmol/s of n-heptane, and 1.3215 X 102 kmol/s of benzene
was flashed at 337.36 K and 1.013 X 10° Pa.

2. A mixture of ethanol, acetone, and water was flashed at
341.46 X and 1.013 X 10° Pa. The feed component flow rates for
ethanol, acetone, and water were 2.300 X 10~ kmol/s, 1.8358 X
10~2 kmol/s, and 1.2101 X 10~2 kmol/s, respectively.

3. A mixture of 1.197 X 1076 kmol/s of ethanol, 1.2536 X 102
kmol/s of n-propanol, 1.1946 X 10~2kmol/s of cyclohexane, and
8.265 X 10~3 kmol/s of benzene was flashed at 382.87 K and 3.039
X 105 Pa.

We solved each of these example problems to an accuracy of [f|2
< 1075 by Newton’s method with finite difference approximations
to A(x), the hybrid approach of Lucia and Macchietto (1983), the
two thermodynamically consistent hybrid (TCH1 and TCH2)
methods, in which A(x) was defined by Eq. 31 and Egs. 32 and 33,
respectively, and Schubert’s method. The results are shown in Table
1

For the examples presented here, as well as others, the calcula-
tions were initiated by setting

6= —a)("i f,)n
i=1
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TABLE 1. RESULTS FOR ISOTHERMAL FLASH CALCULATIONS

Example  Newton Hybrid TCH1 TCH2  Schubert
1 7(21) 32(35) 14(17) 10(13) 20(23)
2 9(27) 14(17) 15(18) 10(13) 23(26)
3 6(24) 27(31) 9(13) 15(18) 72(753)

Figure pairs in each column are: Iterations (Rigorous thermodynamic calculations). In all cases B,

= J(x,).

and
v = (f f]) Yi,
j=1

where x; and y; represent the incipient liquid and vapor compo-
sitions for dew point and bubble point calculations performed on
the feed. The vaporization fraction, o, was set equal to 0.5 for all
examples and the dogleg strategy of Powell (1970) was used as a
convergence safeguard. We also investigated other initialization
procedures and, barring a few exceptions, the results remained
qualitatively the same.

It is important to note that when a liquid component flow rate
tended to zero, which happened reasonably frequently, the
quasi-Newton correction predicted by either Eq. 31 or Egs. 32 and
83 was usually inordinately large. In part, we believe that this is
due to the fact that the scalar quantity [(z{")T(2]")] can become
small and because the elements in the matrix A corresponding to
this zero component flow rate can take on any value and still be
consistent with the zero-degree homogeneity condition. To avoid
this we reset the corresponding row of A to zero, which is what
Newton's method does under these circumstances.

With regard to the numerical results, perhaps the most we can
say at this point of our study is that nonsymmetric quasi-Newton
formulae that account for the zero-degree homogeneity of partial
molar excess properties can provide improvements in computa-
tional efficiency. We have observed this in many cases; however,
it is not uniformly true. Sometimes these thermodynamically
consistent quasi-Newton formulae do not provide any improve-
ments. They take the same number of iterations as Schubert’s
formula to reach the desired accuracy. Rarely, they require more
iterations. We believe this is due to the fact that we have not, as yet,
made use of the Gibbs-Duhem equation in the nonsymmetric
case.

Symmetric Case.

For the symmetric case, which is a very natural setting {or in-
vestigating the use of both the zero-degree homogeneity and
Gibbs-Duhem equations in quasi-Newton approximations, the
results are very encouraging. To illustrate this, we present nu-

merical results for the following isothermal flash problems solved
by minimizing the Gibbs free energy of the system:

1. A feed mixture of 1 X 10~2 kmol/s of ethanol and 1 X 10—2
kmol/s of n-hexane was flashed at 335 K and 1.013 X 10° Pa.

2. An equimolar mixture of methanol, ethanol, acetone, and
water was flashed at 343 K and 1.013 X 10° Pa.

3. A mixture of carbon tetrachloride, chloroform, methanol,
ethanol, acetone, and benzene was flashed at 335 K and 1.013 X
105 Pa. The feed component flow rates for carbon tetrachloride,
chloroform, and benzene were each 1.260 X 1072 kmol/s, while
those for methanol, ethanol, and acetone were each 6.300 X 10—2
kmol/s.

We solved these example problems by successive quadratic
programming (Powell, 1978) using various methods for approxi-
mating both the entire Hessian of the Gibbs function and the ap-
proximated part of the Hessian. In particular, we approximated
the complete Hessian by the full BFGS, full PSB, and sparse PSB
updates, and approximated A(x) by finite difference, the sparse
PSB formula, and the thermodynamically consistent updating
formula (TC update) defined by Eqgs. 34-36. For each problem,
the calculations were terminated when the Kuhn-Tucker conditions
were satisfied to an accuracy of 1073, The results are shown in
Tables 2, 3 and 4.

The three starting points were chosen as follows:

L & =1~ a)2%, fj)x and v; = (272, f;)x; where x; rep-
resents the composition of the liquid phase in equilibrium with
vapor feed at the specified T and p; a = 0.55, 0.50, 0.60 for ex-
amples 1, 2, and 3, respectively.

2. Same as initialization 1 with x; replaced by y;, where y; is the
composition of the vapor phase in equilibrium with liquid feed at
the specified T and p; & = 0.75, 0.50, 0.55 for examples 1, 2, and
3, respectively.

3. Ei = Uy =f¢/2.

We investigated other starting points. Again, the results were
qualitatively unchanged.

For the symmetric case, the results indicate that a hybrid ap-
proach with the approximated part of the Hessian built by a
thermodynamically consistent quasi-Newton formula can compete
favorably with Newton’s method and the full BFGS formula on
phase equilibrium problems solved by Gibbs free energy mini-
mization. This approach is clearly superior to both quasi-Newton
methods for constrained optimization when either the full or sparse
PSB update is used to build the Hessians of the Gibbs function and
a hybrid approach that uses only secant information to update the
approximated part of the Hessian. (Also, BFGS updates to A(x) did
not work very well, most likely because the approximated part of
the Hessian is not sign-definite).

We attribute some of the good performance of the hybrid ap-
proach with the thermodynamically consistent quasi-Newton
update to the fact that C(x) is positive-semidefinite on the mass
balance constraint manifold. This has a stabilizing effect on the
calculations. However, it cannot account for all of the good be-

TABLE 2. RESULTS FOR MINIMUM GiIBBS FREE ENERGCY CALCULATIONS FOR
MIXTURES OF ETHANOL, n-HEXANE

Method*
Approximation to H(x) Approximation to A(x)
Starting Full Full Sparse Finite- Sparse TC
Point BFGS PSB PSB Difference PSB Update
1 22(22) F F 7(21) 24(24) 15(15)
2 A(9) 16(16) 16(16) 6(18) 10(10) 8(8)
3 23(283) F F 8(24) F 20(20)

* All methods, except finite-difference, used H(xq} = C{xo).

Figure pairs in Approximation columns are: Function and gradient calls (Rigorous thermodynamic calculations).

F = failure.
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TABLE 3. RESULTS FOR MINIMUM GIBBS FREE ENERGY CALCULATIONS FOR
MIXTURE OF METHANOL, ETHANOL, ACETONE, AND WATER

Method*
Approximation to H(x) Approximation to A(x)
Starting Full Full Sparse Finite- Sparse TC
Point BFGS PSB PSB Difference PSB Update
1 12(12) 12(12) 12(12) 6(30) F 12(12)
2 10(10) 18(18) 18(18) 6(30) 8(8) 8(8)
3 24(24) 10(10) 10(10) 6(30) 6(6) 6(6)

® All methods, except finite-difference, used H(xp) = C(xo).

Figure pairs in Approximation columns are: Function and gradient calls (Rigorous thermodynamic calculations).

F = failure.

havior. When A(x) is updated by quasi-Newton methods that only
use secant information, the numerical performance can deteriorate.
Because of this and the fact that the thermodynamically consistent
update performs rather well, we believe that the second derivative
information that comes from the zero-degree homogeneity and
Gibbs-Duhem equations can be of value in the equation solving
task.

CONCLUDING REMARKS

In summary, we have argued that when Newton’s method is
applied to chemical process problems whose models include the
chemical and/or phase equilibria of a nonideal mixture, it gener-
ates matrix approximations that satisfy various thermodynamic
constraints such as the zero-degree homogeneity of In v and HE
and the Gibbs-Duhem equation. All existing quasi-Newton for-
mulae, on the other hand, do not. To circumvent this, we presented
several new thermodynamically consistent quasi-Newton formulae.
In the nonsymmetric case, we suggested two new quasi-Newton
formulae that satisfy any number of linearly independent zero-
degree homogeneity equations simultaneously. These updates were
tested on single-stage, isothermal flash calculations involving a
number of different multicomponent mixtures. The numerical
results show that these thermodynamically consistent quasi-Newton
formulae can give improvements in computational efficiency when
compared to existing quasi-Newton methods. Unfortunately, the
results were not observed to be uniformly in favor of the thermo-
dynamically consistent updates.

For the symmetric case, we studied the effects of satisfying both
the zero-degree homogeneity equations of In v and the Gibbs-
Duhem equation. Single-stage, isothermal flash problems were
again solved for several muiticomponent mixtures, this time by
minimizing the total Gibbs free energy of the system subject to the
mass balance constraints. Here the numerical results were very

encouraging and showed that a symmetric and thermodynamically
consistent quasi-Newton formula, used in the context of a hybrid
optimization algorithm, can compete favorably with the BFGS
formula and Newton’s method.

We believe that the results for the nonsymmetric case can be
improved, perhaps markedly, by developing nonsymmetric
quasi-Newton formulae that satisfy both the zero-degree homo-
geneity and Gibbs-Duhem equations simultaneously. The results
for the minimum Gibbs free energy calculations seem to support
this. However, to do this, we must split the Jacobian matrix dif-
ferently and use the concept of partition symmetry. In particular,
if we define

Jx) = Ci{x) + Ca{x)A(x),

where Cy(x) is a diagonal matrix and easily computed in analytical
form, then for problems involving chemical and/or phase equi-
libria A(x) turns out to be partition-symmetric. To see this, consider
the illustrative example. If Ca(x) is defined by

AIChE Journal {Vol. 31, No. 8)

41K,
¢
i
Colx) = . (37)
eflch"c
DA
! 1
1
— —
TABLE 4. RESULTS FOR MIMINUM GIBBS FREE ENERGY CALCULATIONS FOR
MIXTURE OF CARBON TETRACHLORIDE, CHLOROFORM, METHANOL, ETHANOL,
ACETONE, AND BENZENE
Method*
Approximation to H(x) Approximation to A(x)
Starting Full Full Sparse Finite- Sparse TC
Point BFGS PSB PSB Difference PSB Update
1 10(10) 12(12) F 7(49) 14(14) 12(12)
2 23(23) 23(23) 23(23) 12(84) 28(28) 18(18)
3 25(25) F F F 12(12) 11(11)
¢ All methods, except finite-difference, used H(xg) = C(xq).
Figures in Approximation columns are: Function and gradient calls (Rigorous thermodynamic calculations).
F = failure.
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Now in order to satisfy both the zero-degree homogeneity and
Gibbs-Duhem equations in each phase, we can construct an iterated
projection between the space of secant, partition-symmetric ma-
trices, and the space of thermodynamically consistent, partition-
symmetric matrices.

Finally, we note that the extension of this idea of thermody-
namically consistent quasi-Newton formulae for problems in-
volving nonideal mixtures carries over to the more general setting
of chemical process optimization since partial derivatives of ho-
mogeneous functions are themselves homogeneous. More specifi-
cally, in this context we are interested in approximating, among
other things, matrices of (3% In y7*/0£70£]). Because the func-
tions (d In y*/0£}') are homogeneous of degree —1 in mole
numbers, it follows that the thermodynamic constraints are of the
form

2 m m
)3 (____a 1“7‘)e,z"=—(°———1“7'),i=1,2,...
k

=i \oeTaly Y3: e
i=12... (39)
m=12....n,

Observe that, although more complicated, these constraints as well
as the vectors z™ are the same form as those studied in this paper.
The only term that is changed is the righthand side of Euler’s
theorem (i.e., Eq. 12).
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NOTATION

A = approximated part of the Jacobian or Hessian
matrix

B = Jacobian approximation

C = computed part of the Jacobian or Hessian ma-
trix

ey = ith unit vector

. fr = vector function of model equations, molal flow rate
for the ith component of the feed in the mth
phase

G,G%G! = Gibbs free energy, standard state Gibbs free en-

GE ergy, ideal solution Gibbs free energy, excess Gibbs

free energy

H,HE = Hessian matrix, excess enthalpy

] = Jacobian matrix of f

K = distribution ratio for the ith component

s = change in the independent variables

T = temperature
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w = vector orthogonal to the thermodynamic con-

straints
XXk = vector of unknown variables, at the kth iteration
y = change in function or gradient from one iteration
to the next
z,3™ = vector contained in the iterative subspace defined

by the thermodynamic constraints, mth basis
vector for the thermodynamic constraint mani-

fold

Script

2 = liquid phase molal flow rate for the ith compo-
nent

Greek Letters

Yi = ith component liquid phase activity coefficient

Subscripts

ij = component number

iteration counter

Superscripts

excess enthalpy

ideal solution

= phase number or local coordinate number
= transpose

= generalized inverse

= standard state

S +NI M
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